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LIN JI
Abstract. For a given hereditary abelian category satisfying some finiteness conditions, in certain twisted
cases it is shown that the modified Ringel-Hall algebra is isomorphic to the naive lattice algebra and there
exists an epimorphism from the modified Ringel-Hall algebra to the lattice algebra. Furthermore, the kernel
of this epimorphism is described explicitly. Finally, we show that the naive lattice algebra is invariant under
the derived equivalences of hereditary abelian categories.
1. Introduction
The Ringel-Hall algebra H(A) associated to an abelian category A satisfying some finiteness conditions
is a vector space over Q with basis parameterized by the isomorphism classes of objects in the category A.
And the positive part of the quantum enveloping algebra can be realized by the Ringel-Hall algebras (see
[4, 10, 17]). Since then much of the work was concentrated on the realization of the whole quantum group,
see for example [11, 13, 14, 19, 18, 5].
Xiao [22] realized the whole quantum group via the reduced Drinfeld double of a Hall algebra by piecing
together two Borel parts. Furthermore, Cramer [2] proved that the Drinfeld double Hall algebra is invariant
under the derived equivalences. Recently, Bridgeland [1] considered the Hall algebras over the category of
Z/2-graded complexes with projective components which provide natural realizations of the whole quantum
groups. Lu and Peng [9] introduced the modified Ringel-Hall algebraMHZ/2(A) of A over the category of
Z/2-graded complexes, where A is a hereditary abelian category which may not have enough projectives.
Moreover, it is proved that the componentwise twisted modified Ringel-Hall algebra MHZ/2,tw(A) is iso-
morphic to the Drinfeld double Hall algebra of Hetw(A) which generalizes the construction of Bridgeland
[1] and Gorsky [3]. In our previous work [8], we extended the construction of [9] to define the modified
Ringel-Hall algebra MH(A) for the category of bounded complexes Cb(A) and showed that the twisted
modified Ringel-Hall algebra is invariant under derived equivalences.
For a finitary hereditary abelian category A, Kapranov [6] introduced the lattice algebra L(A) and
the naive lattice algebra N (A) for A and proved that the lattice algebra L(A) is invariant under derived
equivalences of hereditary abelian categories. On the other hand, one may also have the so-called derived
Hall algebra DH(A) of A in the sense of [21, 23]. The relation between lattice algebra and derived Hall
algebra has been investigated by Sheng and Xu in [20]. For the hereditary abelian category A with enough
projectives, Zhang [25] introduced the m(m = 0 or m > 2)-lattice algebra and proved that it is isomorphic
to the Bridgeland’s Hall algebra of m-cyclic projective complexes of A. In particular, the so-called 0-lattice
algebra is the naive lattice algebra.
In the present paper, we mainly study the relations among the modified Ringel-Hall algebra MH(A),
the naive lattice algebra N (A) and the lattice algebra L(A) for a hereditary abelian category A which may
not have enough projectives but satisfies the following finiteness conditions over a finite field k:
(1) A is an essentially small k-linear category,
(2) A is finitary, i.e. dimk HomA(M,N) <∞ and dimk Ext1A(M,N) <∞ for any M,N ∈ A,
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In particular, we give the realizations of the naive lattice algebra and the lattice algebra via the modified
Ringel-Hall algebra respectively. As an application, we obtain the derived invariance of the naive lattice
algebras. Specifically, we have the following main results of this paper.
Theorem 1.1 (Theorem 3.5). The naive lattice algebra N (A) is isomorphic to the componentwise twisted
modified Ringel-Hall algebra MHctw(A).
Theorem 1.2 (Theorem 4.10). Let MHrtw(A) be the relative twisted modified Ringel-Hall algebra and
L∗(A) be the Drinfeld dual lattice algebra which is isomorphic to L(A). There is an epimorphism ϕ :
MHrtw(A)→ L∗(A), given by
Kα,n 7→ K(−1)nα , UA,n 7→ Z(n)A
for any A ∈ Iso(A), n ∈ Z and α ∈ K0(A). Moreover, L∗(A) ∼= MHrtw(A)/I, where I is the ideal of
MHrtw(A) generated by the set
{Kα,n+1Kβ,n −Kα−β,n+1|α, β ∈ K0(A), n ∈ Z}.
Theorem 1.3 (Theorem 5.6). Let B be a hereditary abelian k-category satisfying the finiteness conditions
(1)-(2). If there exists a derived equivalence F : Db(A)→ Db(B), then we have the following isomorphism
of algebras
N (A) ∼= N (B).
The paper is organized as follows. In Section 2, we recall the definition and the structure of the modified
Ringel-Hall algebras. In Section 3, we prove Theorem 1.1. Section 4 is devoted to investigating the relation
between the modified Ringel-Hall algebra and the lattice algebra, and Theorem 1.2 is proved in this section.
In Section 5, we show Theorem 1.3 by the same method used in [8].
Unless otherwise specified, throughout this paper k denotes a finite field with q elements and put v =
√
q,
A is a hereditary abelian k-category satisfying the finiteness conditions (1)-(2).
Acknowledgments. The author is deeply indebted to Professor Liangang Peng for his beneficial discus-
sions. The author is also grateful to Changjian Fu and Ming Lu for their inspirations.
2. Modified Ringel-Hall Algebras
2.1. Ringel-Hall Algebras. Let ε be an essentially small exact category, linear over the finite field k.
The set of the isomorphism classes of ε is denoted by Iso(ε), and Â denotes the corresponding element
in the Grothendieck group K0(ε) for an object A ∈ ε. Assume that ε has finite morphism and extension
spaces:
|Homε(A,B)| <∞, |Ext1ε(A,B)| <∞, ∀A,B ∈ ε.
Given objects A,B,C ∈ ε, define Ext1ε(A,C)B ⊆ Ext1ε(A,C) to be the subset parameterizing extensions
whose middle term is isomorphic to B. The Ringel-Hall algebra H(ε) is the Q-vector space⊕[A]∈Iso(ε)Q[A]
with basis parametrized by the isomorphism classes of objects endowed with the multiplication
[A] ⋄ [C] =
∑
[B]∈Iso(ε)
|Ext1ε(A,C)B |
|Homε(A,C)| [B].
It is well-known that the algebra H(ε) is associative and unital with unit [0], where 0 is the zero object of
ε, see [16] and also [17, 11, 5, 1].
In this section, we fix a hereditary abelian k-category A satisfying the finiteness conditions (1)-(2)(cf.
Section 1). For any objects A,B ∈ A, we define the Euler form
〈A,B〉 =
∏
i≥0
|ExtiA(A,B)|(−1)
i
.
It is easy to check that this form descends to a bilinear form on the Grothendieck group K0(A) of A which
we denote it by the same symbol:
〈−,−〉 : K0(A)×K0(A)→ Q×.
Denote by (Â, B̂) = 〈Â, B̂〉〈B̂, Â〉 the symmetrized Euler form.
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Definition 2.1 ([17, 4]). (1) The twisted Ringel-Hall algebra Htw(A) is the Q(v)-vector space with the
same basis as H(A), and the twisted multiplication is defined by
[A] ∗ [B] =
√
〈Â, B̂〉[A] ⋄ [B]
for any [A], [B] ∈ Iso(A).
(2) The extended twisted Ringel-Hall algebra Hetw(A) is defined as an extension of Htw(A) by adjoining
symbols kα for classes α ∈ K0(A), and imposing relations
kα ∗ kβ = kα+β , kα ∗ [B] =
√
(α, B̂)[B] ∗ kα
for α, β ∈ K0(A) and [B] ∈ Iso(A). Note that Hetw(A) is an associative algebra over Q(v) with a basis
consisting of the elements [B] ∗ kα for [B] ∈ Iso(A) and α ∈ K0(A).
2.2. Modified Ringel-Hall algebras. Let H(Cb(A)) be the Ringel-Hall algebra of Cb(A), i.e. for any
L,M ∈ Cb(A), the Hall product is defined to be the following sum:
[L] ⋄ [M ] =
∑
[X]∈Iso(Cb(A))
|Ext1Cb(A)(L,M)X |
|HomCb(A)(L,M)|
[X ].
Let H(Cb(A))/I be the quotient algebra, where I is the ideal of H(Cb(A)) generated by all differences
[L] − [K ⊕M ], if there is a short exact sequence K ֌ L ։ M in Cb(A) with K acyclic. We also denote
by ⋄ the induced multiplication in H(Cb(A))/I.
We denote by Cbac(A) the category of bounded acyclic complexes over A. And set S to be the subset of
H(Cb(A))/I formed by all r[K], where r ∈ Q×,K ∈ Cbac(A). The modified Ringel-Hall algebra MH(A) is
defined to be the right localization of H(Cb(A))/I with respect to S, i.e. MH(A) = (H(Cb(A))/I)[S−1]
and we refer to [8] for details. Here we also denote by ⋄ the multiplication in (H(Cb(A)/I)[S−1].
Given an object A ∈ A and m ∈ Z, let KA,m be the acyclic complex
· · · → 0→ A 1A−−→ A→ 0→ · · · ,
where A sits in the degrees m− 1 and m; UA,m be the stalk complex with A concentrated in the degree m.
By abuse of notations, we use the same symbols to denote their isomorphism classes in the modified Ringel-
Hall algebra, i.e. KA,m := [KA,m] and UA,m := [UA,m]. It is well-defined that Kα,n :=
1
〈α,Â2〉
KA1,n ⋄K−1A2,n,
if α = Â1−Â2 ∈ K0(A) for two objects A1, A2 ∈ A. A Q-basis of the modified Ringel-Hall algebraMH(A)
has been constructed in [8].
Proposition 2.2 ([8]). MH(A) has a basis consisting of elements
Kαr−1,r ⋄Kαr−2,r−1 ⋄ · · · ⋄Kαl+1,l+2 ⋄Kαl,l+1 ⋄ UAr,r ⋄ UAr−1,r−1 ⋄ · · · ⋄ UAl+1,l+1 ⋄ UAl,l,
where r ≥ l, αi ∈ K0(A) and Aj ∈ Iso(A) for any l ≤ i ≤ r − 1 and l ≤ j ≤ r.
Let A,B,M and N be objects in A, we define a rational number γMNAB . Let V (M,B,A,N) be the subset
of Hom(M,B)×Hom(B,A)×Hom(A,N) consisting of exact sequences 0→M → B → A→ N → 0. The
set V (M,B,A,N) is finite and let γMNAB :=
|V (M,B,A,N)|
aAaB
, here aX = |AutA(X)| denotes the cardinality of
the automorphism group AutA(X) for any object X ∈ A.
The modified Ringel-Hall algebra can be described by the generators and relations.
Proposition 2.3 ([8]). The modified Ringel-Hall algebra MH(A) is isomorphic to the associative and
unital algebra generated by the set
{UA,n,Kα,n|A ∈ Iso(A), α ∈ K0(A), n ∈ Z},
and the multiplication of which denoted by ⋄ subjects to the relations (2.1)-(2.10) as follows.
UA,n ⋄ UB,n =
∑
C∈Iso(A)
|Ext1A(A,B)C |
|HomA(A,B)| UC,n,(2.1)
Kα,n ⋄ UA,n = 〈Â, α〉UA,n ⋄Kα,n,(2.2)
Kα,n ⋄Kβ,n = 1〈α, β〉Kα+β,n,(2.3)
4 LIN
UA,n ⋄Kα,n+1 = 〈α, Â〉Kα,n+1 ⋄ UA,n,(2.4)
Kα,n ⋄ UA,n+1 = UA,n+1 ⋄Kα,n,(2.5)
Kα,n ⋄Kβ,n+1 = 〈β, α〉Kβ,n+1 ⋄Kα,n,(2.6)
UB,n ⋄ UA,n+1 =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
〈B̂ − M̂, M̂〉K
B̂−M̂,n+1
⋄ UN,n+1 ⋄ UM,n,(2.7)
and if |m− n| ≥ 2, then
UA,m ⋄ UB,n = UB,n ⋄ UA,m,(2.8)
Kα,m ⋄ UB,n = UB,n ⋄Kα,m,(2.9)
Kα,m ⋄Kβ,n = Kβ,n ⋄Kα,m.(2.10)
3. Modified Ringel-Hall Algebras and Naive Lattice Algebras
For each finitary hereditary abelian k-category A, Kapranov [6] constructed the so-called naive lattice
algebra N (A) for A. The main purpose of this section is to compare the naive lattice algebra N (A) with
the modified Ringel-Hall algebra MH(A). We first recall the definition of the naive lattice algebras.
3.1. Naive lattice algebras. Given two Hopf algebras Ξ and Ω, a Hopf pairing is a bilinear map φ :
Ξ× Ω→ Q(v) satisfying the following conditions:
(1) φ(ξ, 1) = ǫΞ(ξ), φ(1, ω) = ǫΩ(ω),
(2) φ(ξξ′, ω) = φ⊗2(ξ ⊗ ξ′,∆(ω)),
(3) φ(ξ, ωω′) = φ⊗2(∆(ξ), ω ⊗ ω′),
where ∆ and ǫ denote the comultiplication and counit respectively and
φ⊗2 : (Ξ⊗ Ξ)× (Ω⊗ Ω)→ Q(v)
is the pairing defined by (ξ ⊗ ξ′, ω ⊗ ω′) 7−→ φ(ξ, ω)φ(ξ′, ω′). We do not include here any condition on the
antipodes since we will not need them.
Definition 3.1 ([6]). Let Ξm,m ∈ Z be Hopf algebras and φm : Ξm+1 × Ξm → Q(v) be Hopf pairings.
The naive lattice algebra N = N ({Ξm, φm}) is generated by elements of all the algebras Ξm, so that inside
each Ξm the elements are multiplied according to the multiplication law there while for elements of different
algebras we impose the relations
ξmξm+1 = (Id⊗ φm ⊗ Id)
(
∆Ξm+1(ξm+1)⊗∆Ξm(ξm)
)
and
ξmξm′ = ξm′ξm, |m−m′| ≥ 2.
For any sequence (ai)i∈Z of elements of a possibly non-commutative algebra S, almost all equal to 1, we
define their ordered product to be
←−∏
i
ai = apap−1 · · · aq+1aq,
where p, q are integers such that ai = 1 unless q ≤ i ≤ p.
Lemma 3.2 ([6]). The ordered product map ⊗m∈ZΞm → N is an isomorphism of vector spaces.
By the work of Green [4] and Xiao [22], the comultiplication ∆ and counit ǫ of twisted extended Ringel-
Hall algebra Hetw(A) are given by
∆ : Hetw(A)→ Hetw(A)⊗̂Hetw(A), ǫ : Hetw(A)→ Q(v),
∆([A] ∗ kα) =
∑
[B],[C]∈Iso(A)
√
〈B̂, Ĉ〉 |Ext
1
A(B,C)A|
|HomA(B,C)|
aA
aBaC
([B] ∗ kĈ+α)⊗ [C] ∗ kα,
ǫ([A]kα) = δ[A],0
for any [A] ∈ Iso(A) and α ∈ K0(A). Then (Hetw(A), ∗, [0],∆, ǫ) is a topological bialgebra defined over Q(v).
Here topological means that everything should be considered in the completed space.
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It is well-known that there exists a non-degenerate symmetric bilinear pairing
φ : Hetw(A)⊗̂Hetw(A)→ Q(v)
defined by
φ([M ] ∗Kα, [N ] ∗Kβ) =
√
(α, β)δ[M ],[N ]aM ,
which is a Hopf pairing. Xiao [22] showed that the extended twisted Ringel-Hall algebra has an antipode
and it is a Hopf algebra. The naive lattice algebra N (A) for the hereditary category A is the naive lattice
algebra for Ξm = Hetw(A) and φm = φ for m ∈ Z.
According to the construction, the naive lattice algebra N (A) can also be described by the generators
and relations. By Lemma 3.2 and the proof of Proposition 1.5.3 of [6], one can easily get the following
proposition.
Proposition 3.3. The naive lattice algebra N (A) is generated by the symbols Y (n)A and K(n)α for all
A ∈ Iso(A), n ∈ Z and α ∈ K0(A). And the following relations (3.1)-(3.10) are the defining relations of
N (A).
Y
(n)
A Y
(n)
B =
∑
C∈Iso(A)
√
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| Y
(n)
C ,(3.1)
K(n)α Y
(n)
A =
√
(α, Â)Y
(n)
A K
(n)
α ,(3.2)
K(n)α K
(n)
β = K
(n)
α+β,(3.3)
Y
(n)
A K
(n+1)
α =
√
(α, Â)K(n+1)α Y
(n)
A ,(3.4)
K(n)α Y
(n+1)
A = Y
(n+1)
A K
(n)
α ,(3.5)
K(n)α K
(n+1)
β =
√
(α, β)K
(n+1)
β K
(n)
α ,(3.6)
Y
(n)
B Y
(n+1)
A =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂ , M̂ − B̂〉Y (n+1)N Y (n)M K(n+1)B̂−M̂ ,(3.7)
if |m− n| ≥ 2, then
Y
(m)
A Y
(n)
B = Y
(n)
B Y
(m)
A ,(3.8)
K(m)α Y
(n)
B = Y
(n)
B K
(m)
α ,(3.9)
K(m)α K
(n)
β = K
(n)
β K
(m)
α .(3.10)
3.2. Componentwise Twisted Modified Ringel-Hall Algebras. In the following, we define the com-
ponentwise Euler form on Iso(Cb(A))
〈−,−〉cw : Iso(Cb(A))× Iso(Cb(A))→ Q×,
by setting 〈[M ], [N ]〉cw =
√∏
i∈Z
〈M̂ i, N̂ i〉 for [M ], [N ] ∈ Iso(Cb(A)). This form descends to a bilinear form
〈−,−〉cw : K0(Cb(A))×K0(Cb(A))→ Q×.
The multiplication in the componentwise twisted modified Ringel-Hall algebra MHctw(A) is defined by
[M1] ⋆ [M2] := 〈[M1], [M2]〉cw[M1] ⋄ [M2], for any [M1], [M2] ∈ Iso(Cb(A)).
So it is not hard to obtain that the componentwise twisted modified Ringel-Hall algebra MHctw(A) is
also generated by the set
{UA,n,Kα,n|A ∈ Iso(A), α ∈ K0(A), n ∈ Z},
but subject to the relations (3.11)-(3.20) in the following proposition.
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Proposition 3.4. For any A,B ∈ Iso(A), α, β ∈ K0(A), and m,n ∈ Z, we have
UA,n ⋆ UB,n =
∑
C∈Iso(A)
√
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| UC,n,(3.11)
Kα,n ⋆ UA,n =
√
(α, Â)UA,n ⋆ Kα,n,(3.12)
Kα,n ⋆ Kβ,n = Kα+β,n,(3.13)
UA,n ⋆ Kα,n+1 =
√
(α, Â)Kα,n+1 ⋆ UA,n,(3.14)
Kα,n ⋆ UA,n+1 = UA,n+1 ⋆ Kα,n,(3.15)
Kα,n ⋆ Kβ,n+1 =
√
(α, β)Kβ,n+1 ⋆ Kα,n,(3.16)
UB,n ⋆ UA,n+1 =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂ , M̂ − B̂〉UN,n+1 ⋆ UM,n ⋆ KB̂−M̂,n+1,(3.17)
if |m− n| ≥ 2, then
UA,m ⋆ UB,n = UB,n ⋆ UA,m,(3.18)
Kα,m ⋆ UB,n = UB,n ⋆ Kα,m,(3.19)
Kα,m ⋆ Kβ,n = Kβ,n ⋆ Kα,m(3.20)
in MHctw(A) , where Kα,n = KA1,n ⋆ K−1A2,n, if α = Â1 − Â2 ∈ K0(A).
Proof. Since the restriction of the componentwise twisted multiplication on Iso(A) coincides with the twisted
multiplication of Hetw(A), it is trivial to check the relations (3.11)-(3.13). And it is not hard to check the
relations (3.14)-(3.16) and (3.18)-(3.20) by the definition of the componentwise Euler form. For (3.17), we
have
UB,n ⋆ UA,n+1 = UB,n ⋄ UA,n+1
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
〈B̂ − M̂, M̂〉K
B̂−M̂,n+1
⋄ UN,n+1 ⋄ UM,n
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
〈B̂ − M̂, M̂〉
√
(B̂ − M̂, N̂)√
〈B̂ − M̂, N̂〉〈B̂ − M̂, M̂〉
√
(B̂ − M̂, M̂)
UN,n+1 ⋆ UM,n ⋆ KB̂−M̂,n+1
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂ , M̂ − B̂〉UN,n+1 ⋆ UM,n ⋆ KB̂−M̂,n+1,
which completes the proof. 
Theorem 3.5. The naive lattice algebra N (A) is isomorphic to the componentwise twisted modified Ringel-
Hall algebra MHctw(A).
Proof. Following Proposition 3.3 and Proposition 3.4, there is an isomorphism of algebras
Θ :MHctw(A)→ N (A),
by setting
UA,n 7→ Y (n)A and Kα,n 7→ K(n)α .

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4. Modified Ringel-Hall Algebras and Lattice Algebras
4.1. Derived Hall algebras. Let T be a k-additive triangulated category with translation [1] satisfying
(i) dimk HomT (X,Y ) <∞ for any two objects X and Y ;
(ii) EndT (X) is local for any indecomposable object X ∈ T ;
(iii) T is (left) locally finite; that is, ∑i≥0 dimk HomT (X [i], Y ) <∞ for any X and Y in T .
The derived Hall algebra DH(T ) of the triangulated category T is theQ-space with the basis {[X ]|X ∈ T }
and the multiplication is defined by
[X ][Y ] =
∑
[L]∈Iso(T )
|Ext1T (X,Y )L|∏
i≥0 |HomT (X [i], Y )|(−1)i
[L],
where Ext1T (X,Y )L is defined to be HomT (X,Y [1])L[1] which denotes the subset of Hom(X,Y [1]) consisting
of morphisms l : X → Y [1] whose cone Cone(l) is isomorphic to L[1]. Here we use the structure coefficient
given by M. Kontsevich and Y. Soibelman in [7] which is different from the one introduced by B. Toe¨n
[21] and Xiao-Xu [23], however it is proved in [24] that both derived Hall algebras with these two different
structure coefficients are isomorphic.
In particular, for the hereditary abelian category A satisfying the finiteness conditions (1) and (2) in
Section 1, it is easy to describe the derived Hall algebra of A by generators
{Z [n]A |A ∈ Iso(A), n ∈ Z},
and relations in terms of A, where Z [n]A is the stalk complex with the non-zero component A sitting in the
degree n.
Proposition 4.1. DH(A) is an associative and unital Q-algebra generated by the set
{Z [n]A |A ∈ Iso(A), n ∈ Z},
and subject to the following relations:
Z
[n]
A Z
[n]
B =
∑
C∈Iso(A)
|Ext1A(A,B)C |
|HomA(A,B)| Z
[n]
C ,(4.1)
Z
[n]
B Z
[n+1]
A =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
1
〈N̂ , M̂〉
Z
[n+1]
N Z
[n]
M ,(4.2)
Z
[n]
B Z
[m]
A = 〈Â, B̂〉(−1)
m−n
Z
[m]
A Z
[n]
B for m > n+ 1.(4.3)
For any [M ], [N ] ∈ Iso(Db(A)), define the Euler form
〈[M ], [N ]〉t =
√∏
i∈Z
|HomDb(A)(M,N [i])|(−1)i ,
also it can descend to the Grothendieck group K0(D
b(A)). Moreover it coincides with the Euler form of
K0(A) over the stalk complexes. And then the multiplication of the twisted derived Hall algebra DHtw(A)
is given by
[M ]△[N ] = 〈M̂, N̂〉t[M ][N ], for any [M ], [N ] ∈ Iso(Db(A)).
Definition 4.2 ([20]). The extended twisted derived Hall algebra DHetw(A) is the associative algebra gen-
erated by all the elements
Z
[n]
A ,Kα,
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for all A ∈ Iso(A), n ∈ Z and α ∈ K0(A), and with the following defining relations.
Kα△Kβ = Kα+β, Kα△Z [n]A =
√
(Â, α)(−1)nZ
[n]
A △Kα,(4.4)
Z
[n]
A △Z [n]B =
∑
C∈Iso(A)
√
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| Z
[n]
C ,(4.5)
Z
[n]
B △Z [n+1]A =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
1√
〈B̂, Â〉
√
〈N̂ , M̂〉
Z
[n+1]
N △Z [n]M ,(4.6)
Z
[n]
B △Z [m]A =
√
(Â, B̂)(−1)n−mZ
[m]
A △Z [n]B for m > n+ 1.(4.7)
4.2. Lattice algebras. For any objects A,B,C ∈ A, we use the symbol gCAB to denote the number of
subobject B′ of C such that B′ ∼= B and C/B′ ∼= A. Then one has the Riedtmann-Peng formula (see
[15, 12])
gCAB =
|Ext1A(A,B)C |
|HomA(A,B)|
aC
aAaB
.
Definition 4.3 ([6]). The lattice algebra L(A) is generated by the elements
X
(n)
A ,Kα,
for all A ∈ Iso(A), n ∈ Z and α ∈ K0(A), subject to the relations
KαKβ = Kα+β , KαX
(n)
A =
√
(Â, α)(−1)nX
(n)
A Kα,(4.8)
X
(n)
A X
(n)
B =
∑
C∈Iso(A)
√
〈Â, B̂〉gCABX(n)C ,(4.9)
X
(n)
B X
(n+1)
A =
∑
M,N∈Iso(A)
γMNAB
√
〈M̂ − N̂ , M̂ − B̂〉X(n+1)N X(n)M K(−1)
n+1
B̂−M̂
,(4.10)
X
(n)
B X
(m)
A =
√
(Â, B̂)(−1)n−m(n−m+1)X
(m)
A X
(n)
B for |m− n| ≥ 2(4.11)
By the result of Sheng and Xu [20], we know that the lattice algebra coincides with the extended twisted
derived Hall algebra DHetw(A) in Definition 4.2.
Moreover, in terms of alternative generators
Z
(n)
A = X
(n)
A aA,Kα,
for all A ∈ Iso(A), n ∈ Z and α ∈ K0(A), one can easily get that the lattice algebra L(A) is isomorphic
to the algebra L∗(A) which is described by the following proposition and is called the Drinfeld dual lattice
algebra of A.
Proposition 4.4. The lattice algebra L(A) is isomorphic to the algebra L∗(A) generated by the symbols
Z
(n)
A and Kα, for all A ∈ Iso(A), n ∈ Z and α ∈ K0(A), with defining relations as follows.
KαKβ = Kα+β, KαZ
(n)
A =
√
(Â, α)(−1)nZ
(n)
A Kα,(4.12)
Z
(n)
A Z
(n)
B =
∑
C∈Iso(A)
√
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| Z
(n)
C ,(4.13)
Z
(n)
B Z
(n+1)
A =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂, M̂ − B̂〉Z(n+1)N Z(n)M K(−1)
n+1
B̂−M̂
,(4.14)
Z
(n)
B Z
(m)
A =
√
(Â, B̂)(−1)n−m(n−m+1)Z
(m)
A Z
(n)
B for |m− n| ≥ 2.(4.15)
By Proposition 3.3.2 of [6], one can obtain a Q-basis of L∗(A) as follows.
Proposition 4.5. The elements KαZ
(r)
ArZ
(r−1)
Ar−1 · · ·Z(l)Al forms a basis of L∗(A), for all Ai ∈ Iso(A)(r, l ∈
Z, l ≤ i ≤ r) and α ∈ K0(A).
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4.3. Relative twisted modified Ringel-Hall algebras. In [8], we define the twisted modified Ringel-
Hall algebraMHtw(A) by the Euler form for Iso(Cb(A)), i.e.
[M ] ∗ [N ] = 〈[M ], [N ]〉[M ] ⋄ [N ]
for any [M ], [N ] ∈ Iso(Cb(A)), where 〈[M ], [N ]〉 =∏+∞p=0 |ExtpCb(A)(M,N)|(−1)p . In particular, the quantum
torus of acyclic complexes is commutative with all the elements of MHtw(A) and we have the following
result.
Proposition 4.6 ([8]). MHtw(A) is generated by the set
{UA,n,Kα,n|A ∈ Iso(A), α ∈ K0(A), n ∈ Z}
with defining relations as follows.
UA,n ∗ UB,n =
∑
C∈Iso(A)
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| UC,n,(4.16)
Kα,n ∗ UA,n = UA,n ∗Kα,n,(4.17)
Kα,n ∗Kβ,n = Kα+β,n,(4.18)
UA,n ∗Kα,n+1 = Kα,n+1 ∗ UA,n,(4.19)
Kα,n ∗ UA,n+1 = UA,n+1 ∗Kα,n,(4.20)
Kα,n ∗Kβ,n+1 = Kβ,n+1 ∗Kα,n,(4.21)
UB,n ∗ UA,n+1 =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
1
〈B̂,Â〉
UN,n+1 ∗ UM,n ∗KB̂−M̂,n+1,(4.22)
and if m > n+ 1, then
UB,n ∗ UA,m = 〈B̂, Â〉(−1)m−nUA,m ∗ UB,n,(4.23)
UB,n ∗Kα,m = Kα,m ∗ UB,n, UB,m ∗Kα,n = Kα,n ∗ UB,m(4.24)
Kβ,n ∗Kα,m = Kα,m ∗Kβ,n,(4.25)
for any A,B ∈ Iso(A), α, β ∈ K0(A) and m,n ∈ Z. And Kα,n = KA1,n ∗K−1A2,n, if α = Â1 − Â2 ∈ K0(A).
Definition 4.7. For any [M ], [N ] ∈ Iso(Cb(A)), define the relative Euler form for Iso(Cb(A)) by setting
〈[M ], [N ]〉r =
√∏
i,j∈Z
〈M̂ i, N̂ j〉(−1)j−i+1(j−i+1),
and it is clear that it can descend to K0(C
b(A)).
Proposition 4.8. For any A,B ∈ Iso(A), α, β ∈ K0(A) and n,m ∈ Z, we have
〈UA,n, UB,m〉r =
√
〈Â, B̂〉(−1)m−n+1(m−n+1),(4.26)
〈Kα,n, UB,m〉r =
√
〈α, B̂〉(−1)m−n ,(4.27)
〈UB,n,Kα,m〉r =
√
〈B̂, α〉(−1)m−n+1 ,(4.28)
〈Kα,n,Kβ,m〉r = 1.(4.29)
Proof. The identity (4.26) is induced by the Definition 4.7.
For the identity (4.27), if α = Â ∈ K0(A) for an object A ∈ A, then
〈KÂ,n, UB,m〉r = 〈UA,n, UB,m〉r〈UA,n−1, UB,m〉r =
√
〈Â, B̂〉(−1)m−n .
If α = Â1 − Â2 ∈ K0(A) for objects A1, A2 ∈ A, then Kα,n = KÂ1,n ∗K
−1
Â2,n
. So
〈Kα,n, UB,m〉r = 〈KÂ1,n, UB,m〉r〈K
−1
Â2,n
, UB,m〉r =
√
〈α, B̂〉(−1)m−n .
Similarly, one can get the identity (4.28).
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For the identity (4.29), it suffices to prove
〈KÂ,n,KB̂,m〉r = 1,
which is deduced from the identities 〈KÂ,n,KB̂,m〉r = 〈KÂ,n, UB,m〉r〈KÂ,n, UB,m−1〉r and (4.27). 
Let MHrtw(A) be the relative twisted modified Ringel-Hall algebra, with the relative twisted multipli-
cation defined by
[M ] ◦ [N ] = 〈[M ], [N ]〉r[M ] ∗ [N ],
i.e. [M ]◦ [N ] = 〈[M ], [N ]〉r〈[M ], [N ]〉[M ]⋄ [N ] for any [M ], [N ] ∈ Iso(Cb(A)). Similarly, it is easy to get the
following description of the relative twisted modified Ringel-Hall algebras by the generators and relations.
Proposition 4.9. The relative twisted modified Ringel-Hall algebra MHrtw(A) is isomorphic to the asso-
ciative and unital algebra generated by the set
{UA,n,Kα,n|A ∈ Iso(A), α ∈ K0(A), n ∈ Z}
and subject to the following relations (4.30)-(4.34).
Kα,n ◦Kβ,m = Kβ,m ◦Kα,n, Kα,n ◦Kβ,n = Kα+β,n(4.30)
Kα,m ◦ UA,n =
√
(α, Â)(−1)n−mUA,n ◦Kα,m,(4.31)
UA,n ◦ UB,n =
∑
C∈Iso(A)
√
〈Â, B̂〉 |Ext
1
A(A,B)C |
|HomA(A,B)| UC,n,(4.32)
UB,n ◦ UA,n+1 =
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂ , M̂ − B̂〉(4.33)
UN,n+1 ◦ UM,n ◦KB̂−M̂,n+1,
UB,n ◦ UA,m =
√
(Â, B̂)(−1)n−m(n−m+1)UA,m ◦ UB,n, m− n ≥ 2,(4.34)
for any A,B ∈ Iso(A), α, β ∈ K0(A) and m,n ∈ Z. And Kα,n = KÂ1,n ◦K
−1
Â2,n
, if α = Â1 − Â2 ∈ K0(A).
Proof. The relation (4.30) is a consequence of the commutativity of quantum torus of acyclic complexes in
the twisted modified Ringel-Hall algebra and the identity (4.29). The relation (4.32) is a direct consequence
of Definition 4.7.
For the relation (4.31), we have
Kα,m ◦ UA,n = 〈Kα,m, UA,n〉rKα,m ∗ UA,n
=
√
〈α, Â〉(−1)n−mUA,n ∗Kα,m
=
√
〈α, Â〉(−1)n−m 1〈UA,n,Kα,m〉r UA,n ◦Kα,m
=
√
(α, Â)(−1)n−mUA,n ◦Kα,m
for any m,n ∈ Z.
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And for the relation (4.33), we have
UB,n ◦ UA,n+1
= 〈UB,n, UA,n+1〉rUB,n ∗ UA,n+1
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
UN,n+1 ∗ UM,n ∗KB̂−M̂,n+1
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
1
〈UN,n+1, UM,n〉r〈UM,n,KB̂−M̂,n+1〉r〈UN,n+1,KB̂−M̂,n+1〉r
UN,n+1 ◦ UM,n ◦KB̂−M̂,n+1
=
∑
M,N∈Iso(A)
γMNAB
aAaB
aMaN
√
〈M̂ − N̂ , M̂ − B̂〉UN,n+1 ◦ UM,n ◦KB̂−M̂,n+1.
For any m ≥ n+ 2, we have
UB,n ◦ UA,m
= 〈UB,n, UA,m〉rUB,n ∗ UA,m
=
√
〈B̂, Â〉(−1)m−n+1(m−n+1)〈B̂, Â〉(−1)m−nUA,m ∗ UB,n
=
√
〈B̂, Â〉(−1)m−n+1(m−n+1)〈B̂, Â〉(−1)m−n√
〈Â, B̂〉(−1)n−m+1(n−m+1)
UA,m ◦ UB,n
=
√
(Â, B̂)(−1)n−m(n−m+1)UA,m ◦ UB,n.

Theorem 4.10. (1) There is an epimorphism ϕ :MHrtw(A)→ L∗(A), given by
Kα,n 7→ K(−1)nα , UA,n 7→ Z(n)A
for any A ∈ Iso(A), n ∈ Z and α ∈ K0(A).
(2) L∗(A) ∼=MHrtw(A)/I, where I is the ideal of MHrtw(A) generated by the set
{Kα,n+1Kβ,n −Kα−β,n+1|α, β ∈ K0(A), n ∈ Z}.
Proof. (1) We just need to prove that ϕ is a homomorphism. According to Proposition 4.4 and Proposition
4.9, it suffices to prove that the relations (4.30) and (4.31) are satisfied.
For any α, β ∈ K0(A) and n,m ∈ Z, we have
ϕ(Kα,n)ϕ(Kβ,m) = K
(−1)n
α K
(−1)m
β
= K
(−1)m
β K
(−1)n
α
= ϕ(Kβ,m)ϕ(Kα,n).
In particular, for m = n we have
ϕ(Kα,n)ϕ(Kβ,n) = K
(−1)n
α K
(−1)n
β
= K
(−1)n
α+β
= ϕ(Kα+β,n).
On the other hand, for any A ∈ Iso(A), we have
ϕ(Kα,m)ϕ(UA,n) = K
(−1)m
α Z
(n)
A
=
√
((−1)mα, Â)(−1)nZ(n)A K(−1)
m
α
=
√
(α, Â)(−1)n−mZ
(n)
A K
(−1)m
α
= ϕ(UA,n)ϕ(Kα,m).
12 LIN
(2) It is equivalent to prove that Ker(ϕ) = I, and it is obviously that I ⊆ Ker(ϕ). One can easily see
that the image of the basis described in Proposition 2.2 is the generators of the lattice algebra L∗(A).
We claim that if
Kαr−1,r ◦ · · · ◦Kαl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l −Kβr−1,r ◦ · · · ◦Kβl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l ∈ Ker(ϕ)
for any two elements
Kαr−1,r ◦ · · · ◦Kαl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l
and
Kβr−1,r ◦ · · · ◦Kβl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l
in the basis of MHrtw(A), then
Kαr−1,r ◦ · · · ◦Kαl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l −Kβr−1,r ◦ · · · ◦Kβl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l ∈ I.
It is clear that they must satisfy the following condition
(−1)rαr−1 + · · ·+ (−1)l+1αl = (−1)rβr−1 + · · ·+ (−1)l+1βl.
And it is induced by the following identity
Kαr−1,r ◦ · · · ◦Kαl,l+1 −Kβr−1,r ◦ · · · ◦Kβl,l+1
= Kαr−1,rKαr−2,r−1 · · ·Kαl+2,l+3(Kαl+1,l+2Kαl,l+1 −Kαl+1−αl,l+2)
− Kβr−1,rKβr−2,r−1 · · ·Kβl+2,l+3(Kβl+1,l+2Kβl,l+1 −Kβl+1−βl,l+2)
+ Kαr−1,rKαr−2,r−1 · · ·Kαl+2,l+3Kαl+1−αl,l+2 −Kβr−1,rKβr−2,r−1 · · ·Kβl+2,l+3Kβl+1−βl,l+2
that
Kαr−1,rKαr−2,r−1 · · ·Kαl+2,l+3Kαl+1−αl,l+2 −Kβr−1,rKβr−2,r−2 · · ·Kβl+2,l+3Kβl+1−βl,l+2 ∈ Ker(ϕ).
Thus one can get that
Kαr−1,r ◦ · · · ◦Kαl,l+1 −Kβr−1,r ◦ · · · ◦Kβl,l+1 ∈ I
by induction on r − l. Hence
Kαr−1,r ◦ · · · ◦Kαl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l −Kβr−1,r ◦ · · · ◦Kβl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l ∈ I.
For any
x =
∑
(αr−1,··· ,αl,Ar,··· ,Al)
aαr−1,··· ,αl,Ar,··· ,AlKαr−1,r ◦ · · · ◦Kαl,l+1 ◦ UAr,r ◦ · · · ◦ UAl,l ∈ Ker(ϕ),
it is clear that
x =
∑
(Ar,··· ,Al)
 ∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar ,··· ,AlKαr−1,r ◦ · · · ◦Kαl,l+1
 ◦ UAr,r ◦ · · · ◦ UAl,l.
And it follows from the basis of L∗(A) given in Proposition 4.5 and the definition of ϕ that for
any Ar, · · · , Al ∈ Iso(A) we can get that∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar,··· ,AlKαr−1,r ◦ · · · ◦Kαl,l+1 ∈ Ker(ϕ).
In addition we have∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar,··· ,AlKαr−1,r ◦ · · · ◦Kαl,l+1
=
∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar,··· ,Al
(
Kαr−1,r ◦ · · · ◦Kαl,l+1 −Kαr−1,r ◦ · · · ◦Kαl+1−αl,l+2
)
+
∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar,··· ,AlKαr−1,r ◦ · · · ◦Kαl+1−αl,l+2,
so by above claim and using induction on the number of Kαi , one can obtain that∑
(αr−1,··· ,αl)
aαr−1,··· ,αl,Ar,··· ,AlKαr−1,r ◦ · · · ◦Kαl,l+1 ∈ I,
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which implies Ker(ϕ) ⊆ I. 
Remark 4.11. It is inferred from Theorem 3.5 and Theorem 4.10 that in some twisted case the lattice
algebra is in fact the quotient algebra of the naive lattice algebra.
5. The invariance of naive lattice algebras
In this section, we apply Theorem 3.5 to prove that the naive lattice algebra is invariant under derived
equivalences. In particular, it suffices to show that the componentwise twisted modified Ringel-Hall algebra
is invariant under derived equivalences.
We begin with the following result concerning derived Hall algebras.
Proposition 5.1. For any object [A] = [
⊕
A−i[i]] in Iso(Db(A)), we have
[A] =
√∏
i<j
〈Âj , Âi〉(−1)j−i
←∏
n
Z
[n]
An
in DHtw(A), which is called the normal form of [A] and in the following we simply denote it by Z(A).
Proof. For any object [A] = [
⊕
A−i[i]] of Iso(Db(A)). Assume that A is of the following form
· · · → 0→ Al 0−→ · · · 0−→ Ar → 0→ · · · ,
where Al is the leftmost nonzero component and Ar is the rightmost nonzero component, then the width
of A is defined to be r− l+1. If A is zero, then the width of A is defined to be 0. For simplicity set l = 0,
and inductively we have
r⊕
i=0
Z
[i]
Ai =
∏
p≥0
|HomDb(A)(Ar[p],
r−1⊕
i=0
Ai[r − i])|(−1)p√ ∏
0≤i<r
〈Âr, Âi〉(−1)r−i
Z
[r]
Ar △ (
r−1⊕
i=0
Z
[i]
Ai)
=
√ ∏
0≤i<r
〈Âr , Âi〉(−1)r−iZ [r]Ar △ (
r−1⊕
i=0
Z
[i]
Ai)
=
√ ∏
0≤i<j≤r
〈Âj , Âi〉(−1)j−i
←∏
n
Z
[n]
An

It is clear that there is an automorphism T of DHtw(A) by setting T (Z [n]A ) = Z [n+1]A .
Remark 5.2. Let A and B be two hereditary abelian categories. If there exists a derived equivalence
F : Db(A)→ Db(B), then DHtw(A) is isomorphic to DHtw(B) by setting
Z
[n]
A 7→ T n(Z(F (A))).
By applying the method in [8], it is not hard to see that
Theorem 5.3. There is an embedding ι : DHtw(A)→MHctw(A), defined by
Z
[0]
A 7→ UA,0,
Z
[n]
A 7→
1√
〈Â, Â〉n
UA,n ⋆ K−Â,n ⋆ KÂ,n−1 ⋆ · · · ⋆ K(−1)n−1Â,2 ⋆ K(−1)nÂ,1,
and Z
[−n]
A 7→
√
〈Â, Â〉nUA,−n ⋆ K−Â,−n+1 ⋆ KÂ,−n+2 ⋆ · · · ⋆ K(−1)n−1Â,−1 ⋆ K(−1)nÂ,0 for any n > 0.
Following [20], we define the completely extended twisted derived Hall algebra DHcetw(A) of DHtw(A) and
show that the above embedding ι can be extended to an isomorphism between DHcetw(A) and MHctw(A).
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Definition 5.4. The completely extended twisted derived Hall algebra DHcetw(A) is the associative and
unital algebra generated by the set
{Z [n]A ,K [n]α |A ∈ Iso(A), α ∈ K0(A)and n ∈ Z},
and subject to the relations (4.5)-(4.7) and (5.1)-(5.7).
K [n]α △ Z
[n]
A =
{√
(α, Â)Z
[n]
A △ K
[n]
α n = 0, 1,
Z
[n]
A △ K
[n]
α otherwise.
(5.1)
K [n]α △ K
[n]
β = K
[n]
α+β(5.2)
Z
[n]
A △ K
[n+1]
α =
{√
(α, Â)K
[n+1]
α △ Z
[n]
A n = 0,−1,
K
[n+1]
α △ Z
[n]
A otherwise.
(5.3)
K [n]α △ Z
[n+1]
A =

1√
(α,Â)
Z
[n+1]
A △ K
[n]
α n = 0, 1,
Z
[n+1]
A △ K
[n]
α otherwise.
(5.4)
K [n]α △ K
[n+1]
β =
√
(α, β)K
[n+1]
β △ K
[n]
α(5.5)
If |m− n| > 1, then
K [n]α △ Z
[m]
A =

√
(α, Â)(−1)mZ
[m]
A △ K
[0]
α n = 0, |m| > 1,
1√
(α,Â)(−1)m
Z
[m]
A △ K
[1]
α n = 1, |m− 1| > 1,
Z
[m]
A △ K
[n]
α otherwise;
(5.6)
K [n]α △ K
[m]
β = K
[m]
β △ K
[n]
α .(5.7)
Corollary 5.5. DHcetw(A) is isomorphic to MHctw(A).
Proof. Firstly, we can extend the embedding ι in Theorem 5.3 to a morphism ι˜ between DHcetw(A) and
MHctw(A) by setting
ι˜(Z
[n]
A ) = ι(Z
[n]
A ) and ι˜(K
[n]
α ) = Kα,n.
Similarly, one can also check that ι˜ is a homomorphism of algebras. To prove it is an isomorphism, we
construct the inverse homomorphism
η :MHctw(A)→ DHcetw(A)
given by
Kα,n 7→ K [n]α ,
UA,0 7→ Z [0]A ,
and for n > 0,
UA,n 7→
√
〈Â, Â〉nZ [n]A △ K [1](−1)n+1Â △ K
[2]
(−1)nÂ
△ · · · △ K [n−1]
−Â
△ K
[n]
Â
,
UA,−n 7→ 1√
〈Â, Â〉n
Z
[−n]
A △ K
[0]
(−1)n+1Â
△ K
[−1]
(−1)nÂ
△ · · · △ K [−n+2]
−Â
△ K
[−n+1]
Â
.
It is routine to check that
ηι˜ = 1DHcetw(A) and ι˜η = 1MHctw(A).

Theorem 5.6. Let B be also a hereditary abelian k-category satisfying the finiteness conditions (1)-(2) in
Section 1. If there exists a derived equivalence F : Db(A)→ Db(B), then we have the following isomorphism
of algebras
N (A) ∼= N (B).
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Proof. By Theorem 3.5 and Corollary 5.5, it suffices to prove that DHcetw(A) is isomorphic to DHcetw(B).
First of all, there is an isomorphism of Grothendieck group
K0(A)→ K0(Db(A))→ K0(Db(B))→ K0(B)
induced by F . By abuse of notation this isomorphism is still denoted by F and it preserves the bilinear
form, i.e. for any α, β ∈ K0(A) we have
〈α, β〉A = 〈F (α), F (β)〉B ,
where 〈−,−〉A and 〈−,−〉B denote the Euler form of K0(A) and K0(B) respectively.
Then the induced map F∗ : DHcetw(A)→ DHcetw(B) is given by
Z
[n]
A 7→ T n(Z(F (A))) and K [n]α 7→ K [n]F(α) ,
where Z(F (A)) is defined in Proposition 5.1. It remains to verify that it is a homomorphism of algebras.
However, by Remark 5.2 one can get that F∗ preserve the relations (4.5)-(4.7). And it is easy to check that
the relations (5.2), (5.5) and (5.7) are preserved.
Following [6] and [2], let Ai be the full subcategory of A with objects {A ∈ A|F (A) ⊂ B[i]}. For objects
Ai ∈ Ai, Aj ∈ Aj , we have Hom(Ai, Aj) = 0 but for j = i or j = i + 1, Ext1A(Ai, Aj) = 0 but for j = i or
j = i− 1. Thus
Z
[n]
Ai⊕Aj
=
√
〈Âi, Âj〉Z [n]Ai △ Z
[n]
Aj
,
for Ai ∈ Ai, Aj ∈ Aj and i < j. Since any object A ∈ A can be decomposed to a direct sum
⊕
i∈ZAi with
Ai ∈ Ai, and then for any n ∈ Z, Z [n]A can be written in the form of
Z
[n]
A =
√∏
i<j
〈Âi, Âj〉
∏
i∈S
Z
[n]
Ai
,
where the indices in the product
∏
i∈S
Z
[n]
Ai
are in increasing order. Therefore we only need to check the
relations (5.1), (5.3), (5.4) and (5.6) are preserved in the case that A ∈ Ai and α ∈ K0(A) for any i ∈ Z.
Assume that A ∈ A−i and F (A) = B[−i] for some object B ∈ B, then Z(F (A)) = Z [i]B . In the following
we give the proof for the relation (5.1) and omit the others. We separate the proof into the following three
cases.
Case (1): n = 0.
If i = −1,
F∗(K
[0]
α ) △ F∗(Z
[0]
A ) = K
[0]
F (α) △ Z
[−1]
B
=
1√
(F (α), B̂)
Z
[−1]
B △ K
[0]
F (α)
=
1√
(F (α), F (A)[−1])Z
[−1]
B △ K
[0]
F (α)
=
√
(α, Â)F∗(Z
[0]
A ) △ F∗(K
[0]
α ).
If i = 0,
F∗(K
[0]
α ) △ F∗(Z
[0]
A ) = K
[0]
F (α) △ Z
[0]
B
=
√
(F (α), B̂)Z
[0]
B △ K
[0]
F (α)
=
√
(α, Â)F∗(Z
[0]
A ) △ F∗(K
[0]
α ).
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If i = 1,
F∗(K
[0]
α ) △ F∗(Z
[0]
A ) = K
[0]
F (α) △ Z
[1]
B
=
1√
(F (α), B̂)
Z
[1]
B △ K
[0]
F (α)
=
√
(α, Â)F∗(Z
[0]
A ) △ F∗(K
[0]
α ).
If i > 1 or i < −1,
F∗(K
[0]
α ) △ F∗(Z
[0]
A ) = K
[0]
F (α) △ Z
[i]
B
=
√
(F (α), B̂)(−1)iZ
[i]
B △ K
[0]
F (α)
=
√
(α, Â)F∗(Z
[0]
A ) △ F∗(K
[0]
α ).
case (2): n = 1.
If i = −1,
F∗(K
[1]
α ) △ F∗(Z
[1]
A ) = K
[1]
F (α) △ Z
[0]
B
=
1√
(F (α), B̂)
Z
[0]
B △ K
[1]
F (α)
=
√
(α, Â)F∗(Z
[1]
A ) △ F∗(K
[1]
α ).
If i = 0,
F∗(K
[1]
α ) △ F∗(Z
[1]
A ) = K
[1]
F (α) △ Z
[1]
B
=
√
(F (α), B̂)Z
[1]
B △ K
[1]
F (α)
=
√
(α, Â)F∗(Z
[1]
A ) △ F∗(K
[1]
α ).
If i = 1,
F∗(K
[1]
α ) △ F∗(Z
[1]
A ) = K
[1]
F (α) △ Z
[2]
B
=
1√
(F (α), B̂)
Z
[2]
B △ K
[1]
F (α)
=
√
(α, Â)F∗(Z
[1]
A ) △ F∗(K
[1]
α ).
If i > 1 or i < −1,
F∗(K
[1]
α ) △ F∗(Z
[1]
A ) = K
[1]
F (α) △ Z
[i+1]
B
=
1√
(F (α), B̂)(−1)i+1
Z
[i+1]
B △ K
[0]
F (α)
=
√
(α, Â)F∗(Z
[1]
A ) △ F∗(K
[1]
α ).
Case (3): n 6= 0, 1.
F∗(K
[n]
α ) △ F∗(Z
[n]
A ) = K
[n]
F (α) △ Z
[n+i]
B
= Z
[n+i]
B △ K
[n]
F (α)
= F∗(Z
[n]
A ) △ F∗(K
[n]
α ).
This completes the proof.

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